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Abstract—For nonlinear estimation, the linear minimum mean
square error (LMMSE) estimator using the measurement aug-
mented by a nonlinear conversion of it can achieve better
performance than the LMMSE estimator using the original
measurement. The main reason is that the original measurement
cannot be fully utilized by the LMMSE estimator in a linear
way. To effectively extract additional measurement information
which can be further utilized by a linear estimator, a nonlinear
approach named uncorrelated conversion (UC) is proposed. The
uncorrelated conversions of the measurement are uncorrelated
with the measurement itself. Two specific approaches to gener-
ating UCs are proposed based on a Gaussian assumption and
a symmetrized reference distribution, respectively. Then a UC
based filter (UCF) is proposed based on LMMSE estimation using
the measurement augmented by its uncorrelated conversions. In
UCF, the process of measurement augmentation can be continued
using the proposed nonlinear UC approach, and all augmenting
terms are also uncorrelated under the corresponding conditions.
Thus, the nonlinear estimation performance of the UCF has
the potential to be continually improved. Simulation results
demonstrate the effectiveness of the proposed estimator compared
with some popular nonlinear estimators.

Keywords—Uncorrelated Conversion, Nonlinear Estimation,
LMMSE Estimation

I. INTRODUCTION

Nonlinear filters aim at estimating the state of a nonlinear
system from noisy measurements. Design, derivation, and ap-
plication of nonlinear filters have received extensive attention
over the past several decades, because nonlinear estimation
has widespread applications in many fields, e.g., navigation,
target tracking, and guidance systems. As an extension of the
Kalman filter [11] for linear-Gaussian systems, the well-known
extended Kalman filter (EKF) for nonlinear estimation is
widely applied in many practical systems of a low nonlinearity.
However, if the system is highly nonlinear, EKF may diverge
[8] [10]. To solve this problem, some extensions of EKF
have been proposed (e.g., the second-order EKF [3] [8] and
iterated Kalman filter [5], [8]). These filters can be classified
as function approximation methods [12]. Another class of
nonlinear estimators based on approximations of the posterior
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state density using the sequential Monte Carlo (SMC) method
has also been proposed and applied (e.g., the particle filters
[4], [6], [19]).

Using deterministic sampling, the unscented transformation
(UT) was proposed to calculate the first and the second
moments of a nonlinear function of a random variable [9]
[10]. In UT, deterministic sigma points are generated and
put through the nonlinear function. Then the moments are
calculated using the obtained points. Using UT to compute the
moments in the linear minimum mean squared error (LMMSE)
filter framework, the unscented filter (UF) was derived in
[9] [10]. Some other approaches have also been proposed to
calculate the first two moments used in the LMMSE filter
framework, e.g., quadrature Kalman filter (QKF) [7], [1],
the cubature Kalman filter [2], and the divided difference
filter (DDF) [18]. Such approaches can also be classified as
sampling-based moment approximation methods [12].

The above filters based on moment approximation using
sampling methods can be viewed as different approximations
of the LMMSE estimator, which minimizes the mean squared
error (MSE) among all linear estimators [3] [12]. The Kalman
filter is in essence an LMMSE filter for a linear system [12].
For target tracking based on nonlinear radar (polar and spheri-
cal) measurements, an LMMSE filter was proposed in [20]. In
this filter, the moments needed by the LMMSE estimator are
calculated as accurately as possible by utilizing the structures
of the measurement functions. Thus, this LMMSE estimator
is more accurate than some other approximated ones using
moment approximation. Note that in [20], the original polar or
spherical measurements are converted to Cartesian coordinates
first. Then the LMMSE estimator was derived using the
converted measurements. Reference [17] proposed a concept
of generalized LMMSE (GLMMSE) in which converted mea-
surements are suggested within the LMMSE framework. The
transformed measurements should have a lower nonlinearity
than the original measurements with repect to the state. For
target tracking using polar measurements, the GLMMSE esti-
mator was implemented in [17] by simultaneously using the
original measurements and the transformed ones (the polar
measurements are transformed to Cartesian measurements)
as in [20] within the LMMSE framework. For other kinds
of measurements, implementation of the GLMMSE estimator
needs further development. Actually, the LMMSE estimator of
[20] can be viewed as a GLMMSE estimator.

Since the LMMSE estimator is the best within the class of



linear estimators, there is room for improvement if estimators
being nonlinear in the original measurement are considered [3].
Then the LMMSE estimator using the original measurement
augmented by its nonlinear conversion can outperform the
original LMMSE estimator. The converted measurement must
be a nonlinear function of the original measurement, otherwise
this augmentation will not help within the LMMSE framework
due to its optimality. Thus, the converted measurement should
not be (linearly) correlated with the original one. Generally,
the ideal nonlinear conversion should be the one that makes
the estimator minimize its estimation MSE. However, it is
very hard to acquire such an optimal conversion for an
arbitrary nonlinear system. Although any nonlinear conversion
which augments the measurement can help improve estimation
performance, as will be demonstrated later, we still expect
a general but simple conversion which can be effectively
applied for a large range of nonlinear estimation problems.
To do this, we propose that the nonlinear conversion should be
uncorrelated with the original measurement but correlated with
the state. We name such a nonlinear conversion “uncorrelated
conversion” (UC). If the measurement is augmented by a UC,
the original measurement space is “truly” augmented due to the
uncorrelation property. Thus, more measurement information
is effectively extracted by UC which can be directly utilized
by LMMSE estimation. The LMMSE estimator using the
measurement augmented by such a UC turns out to be a sum
of the LMMSE estimator using the original measurement and
a linear function of the UC. The posterior MSE matrix can
also be written in a separated form and it is smaller than
that of the original LMMSE estimator. More importantly, the
uncorrelated conversion can be viewed as an extraction of
additional measurement information utilizable in the LMMSE
framework from the original measurement. This additional
information cannot be used in the LMMSE estimator using
the original measurement, because the converted measurement
is uncorrelated with the original one.

Obtaining a general UC is not easy for a system with
various possible nonlinearities. To solve this problem, we
first prove a theorem providing a sufficient condition for
generating UCs. Based on this theorem, we propose two
approaches to generating UCs for nonlinear estimation. In
the first approach, a nonlinear UC symmetric around the
conditional mean of the measurement is generated, under the
Gaussian assumption that the measurement conditioned on the
historical measurements is Gaussian distributed. Moreover, to
obtain nonlinear UCs simultaneously uncorrelated with the
original measurement and the previously obtained UC, two
methods are also proposed based on stochastic decoupling
and density reciprocal, respectively. Using these two methods,
mutually uncorrelated multiple UCs can be obtained directly.
On the other hand, if the above Gaussian assumption is not
valid, a reference distribution based approach is proposed.
The designed reference distribution is symmetric and carries
information of the true measurement through its moments. The
obtained UC is an integration of an even function and the
reference distribution. Then it is proven that the UCs gener-
ated by this approach are also uncorrelated with the original
measurement which is symmetrically distributed around the
mean. Compared with the Gaussian-assumed approach, the
reference distribution based approach utilizes more distribution
information of the measurement. For dynamic estimation, the

UC based filter (UCF) is then proposed by using the LMMSE
framework with measurement augmentation. The effectiveness
of the proposed UCF compared with some popular nonlinear
estimators is demonstrated by a simulation study.

This paper is organized as follows. Section II provides gen-
eral considerations about the uncorrelated conversion. Section
III proposes the uncorrelated conversion and two approaches
to generating UCs. Then a UCF for nonlinear estimation is
proposed. Simulation results and analysis are given in Section
IV. Section V concludes the paper.

II. GENERAL CONSIDERATIONS

Before further discussion, minimum mean squared error
(MMSE) estimation and LMMSE estimation are briefly re-
viewed first. The optimal estimate x̂ of the random state x giv-
en its noise-corrupted measurement z is the conditional mean
E[x|z] [3]. If x and z are jointly Gaussian, the conditional
mean is

E[x|z] = x̄+ PxzP
−1
z (z − z̄) (1)

where x̄ = E[x] is the mean of x, z̄ = E[z], Pxz =
E[(x− x̄)(z − z̄)T], Pz = E[(z − z̄)(·)T] is the covariance of
z, where (·) represents the term before it. The Kalman filter
is the optimal MMSE estimator as in (1).

For a nonlinear system with state x and its measurement
z, the LMMSE estimator minimizes the MSE among all linear
estimators [12], given as

x̂ = x̄+ PxzP
−1
z (z − z̄) (2)

The MSE of x̂ (2) can be obtained as

Px̂ = MSE(x̂) , E[(x− x̂)(·)T] = Px − PxzP
−1
z P T

xz (3)

where Px = E[(x − x̄)(·)T]. Eq. (2) has the same form as
(1). So if x and z are jointly Gaussian, the MMSE estimator
reduces to the LMMSE estimator. The LMMSE is important
for nonlinear estimation. Many popular estimators (e.g., the
UF and the QKF) can be viewed as approximations of the
LMMSE estimator. That is, they differ in approximation of
the moments x̄, z̄, Pxz , and Pz in (2). The LMMSE estimator
is the best linear estimator for any distribution with the same
first and second moments [3]. Thus, it is possible only for an
estimator being nonlinear in the measurement to outperform
the LMMSE estimator.

One simple yet effective approach is to augment the origi-
nal measurement by its conversion and then apply the LMMSE
estimator to the augmented measurement. If the conversion is
a linear (or affine) function, this measurement augmentation is
not helpful within the LMMSE framework since the LMMSE
estimator is optimal of all estimators that are linear in the
original measurement. Suppose we have a nonlinear conversion
y = g(z). Then we can obtain an augmented measurement

za , [zT yT]T.

Based on za, the LMMSE estimator is

x̂ = x̄+ PxzaP−1
za (za − z̄a) (4)

where

Pxza = [ Pxz Pxy ] , Pza =

[

Pz Pzy

Pyz Py

]

(5)



The MSE of the estimate x̂ (4) is

P a
x̂ = MSE(x̂) , E[(x− x̂)(·)T] = Px − PxzaP−1

za P T
xza (6)

We have:

P a
x̂ = Px − PxzP

−1
z Pzx − P a

x = Px̂ − P a
x (7)

P a
x , (Pxy − PxzP

−1
z Pzy)(Py − PyzP

−1
z Pzy)

−1

× (Pxy − PxzP
−1
z Pzy)

T (8)

where Px̂ is given in (3). A proof of Eq. (7) is given in
Appendix A.

Remark 1: Since P a
x (8) is positive semi-definite, the

LMMSE estimator (4) with the augmented measurement has
a smaller MSE than the LMMSE (2) using the original
measurement, as shown in (7).

Remark 2: If x and z are jointly Gaussian (e.g, for a linear
system), (7) reduces to (3) because P a

x = 0 in (8). In this case,

Pxy = E[(x− x̄)yT] = E[xyT]− E[x̄yT]

= E{E[xyT|z]} − E[x̄yT] (9)

= E[(x̄+ PxzP
−1
z (z − z̄))yT]− E[x̄yT] (10)

= E[PxzP
−1
z (z − z̄)yT] = PxzP

−1
z Pzy (11)

where (9) is given by the law of total expectation, and (10) is
obtained because E[xyT|z] = E[xg(z)T|z] = E[x|z]yT with
E[x|z] = x̄+PxzP

−1
z (z− z̄), if x and z are jointly Gaussian.

Thus, Pxy−PxzP
−1
z Pzy = 0 based on (11). Then P a

x = 0 and
(7) reduces to (3). This shows that the LMMSE estimator with
the augmented measurement reduces to the original LMMSE
estimator, which is the optimal MMSE estimator if x and z
are jointly Gaussian.

Remark 3: Since y = g(z) is nonlinear, the estimator given
by (4) and (7) is not a linear function of the measurement, i.e.,
not a linear estimator any more.

The above result encourages us to find such a nonlinear
conversion y = g(z) which can effectively improve the esti-
mation performance of the LMMSE using measurement aug-
mentation for nonlinear estimation. Moreover, it is desirable
that such a nonlinear conversion have a physical interpretation
and the obtained estimator have a simple form.

III. UNCORRELATED CONVERSION BASED FILTER

A. Uncorrelated Conversion

To find a conversion as required in the previous section,
we define an uncorrelated conversion.

Definition 1: An uncorrelated conversion (UC) is a non-
linear (actually, non-affine) conversion y = g(z) of a random
vector z that satisfies the requirement

Pyz = cov(y, z) = 0 (12)

Given such a conversion, estimation (4) can be greatly
simplified based on (6) and (7):

x̂ = x̄+ PxzP
−1
z (z − z̄) + PxyP

−1
y (y − ȳ)

= x̄+ PxzP
−1
z (z − z̄) + PxyP

−1
y (g(z)− ḡ(z)) (13)

P a
x̂ = Px − PxzP

−1
z Pzx − PxyP

−1
y Pyx (14)

Remark 4: (a) “Nonlinear” in the definition excludes the
possibility that g(z) is an affine function of z (including the
case that g(z) is a constant). Since any affine conversion
of the measurement does not help improve the estimation
performance of x̂ (4), the nonlinearity of UC guarantees
performance improvement of the measurement augmentation.
(b) Pyz = 0 in (12) means that y is uncorrelated with z. That
is, the original linear measurement space is “truly” augmented
by y. Thus, more information contained in z is extracted in
a nonlinear way by g(z), and this information can be directly
utilized by the LMMSE estimator (4) to improve estimation
performance.

However, it is still not easy to acquire a general UC for
the measurement for an arbitrary nonlinear system. To solve
this problem, we prove the following theorem first.

Theorem 1: If the distribution p(z) of z is symmetric
around mean z̄ and g(·) is a (vector-valued) even function
(symmetric around 0), then y = g(z − z̄) satisfies Pyz = 0
and thus is a UC of z.

Proof: By the definition of cross-covariance, we have

Pyz = E[(y − ȳ)(z − z̄)T] = E[y(z − z̄)T]

=

∫

Ω

[g(z − z̄)](z − z̄)Tp(z)dz (15)

=

∫

Ω

[g(z̄ − z′)](z̄ − z′)Tp[z̄ + (z̄ − z′)]dz′ (16)

=

∫

Ω

[g(z′ − z̄)](z̄ − z′)Tp[z̄ − (z̄ − z′)]dz′ (17)

= −

∫

Ω

[g(z̄ − z′)](z′ − z̄)Tp(z′)dz′ = −Pyz (18)

⇒Pyz = 0 (19)

where z′ = 2z̄ − z, nz is the dimension of z, Ω is symmetric
around z̄ and can be either finite or infinite provided the
integrals exist. Eq. (16) is obtained by replacing z by 2z̄− z′.
Eq. (17) follows from the assumed properties of p(z) and g(·).
Eq. (19) follows directly from the last equation in (18), which
stems from (15).

Based on Theorem 1, we propose two approaches to
generating UCs for nonlinear estimation next.

B. Gaussian-Assumed Uncorrelated Conversion

For nonlinear systems, measurement z can have various
distributions. In many nonlinear estimators as in [7], a Gaus-
sian density is used to approximate a non-Gaussian distribution
by matching the first two moments (mean and covariance). To
simplify UC generation, we first assume that the measurement
is Gaussian distributed with the same first two moments as the
calculated ones of the true measurement. That is, we assume

p(z) ∼ N (z; z̄, Pz) (20)

1) Simple Gaussian-Assumed UC: By Theorem 1 and
based on (20), a nonlinear UC of z is given easily as

y = g(z) = exp(−(z − z̄)TM−1(z − z̄)/2) (21)

where M is any symmetric positive definite (SPD) matrix.
Specifically, g(z) of (21) has the following properties:

Pyz = 0, ȳ , E[y] = |M |1/2|M + Pz |
−1/2 (22)



Thus, by the definition of UC, g(z) is a UC. A proof of Eq.
(22) is given in Appendix B.

Remark 5: Since y is a UC of z, the LMMSE estimator
with the augmented measurement [zT, yT]T takes the form of
(13) and (14). This estimator is connected to the LMMSE and
the MMSE estimators as follows.

(a) As M → ∞ (all the eigenvalues → ∞), y becomes 0.
Then this estimator reduces to the LMMSE estimator.

(b) If x and z are jointly Gaussian, this estimator becomes
the MMSE estimator because Pxy in (13) and (14) becomes
0, as proven below:

Pxy = E[(x − x̄)(y − ȳ)T] = E[(x− x̄)yT]

=

∫ ∫

(x− x̄)[g(z)]Tp(x, z)dxdz = 0 (23)

where (23) results from the fact that g(z) and p(x, z) are both
symmetrical around [x̄T, ȳT]T, and (x− x̄) is odd in (x− x̄) ∈
Rnx with nx being the dimension of x.

2) Gaussian-Assumed UC Based on Stochastic Decoupling:
UC (21) is a scalar converted measurement. Based on stochas-
tic decoupling, it can be further expanded. Define

zd , [zjd ]nz×1 = P−1/2
z (z − z̄) (24)

Thus, zd ∼ N (0, In), and zid and zjd (i 6= j) are independent
of each other. Then we can obtain a vector of UCs as

y , [yjd ]nz×1 = [gj(zjd )]nz×1 (25)

where gj(·) is an even function. For example,

y = [yjd = gj(zjd) = e−(zj

d
)2/b]nz×1 (26)

where the positive scalar b can be used to adjust the effect of y.

The larger b is, the smaller yjd becomes. As b → ∞, y becomes
0, which is affine in z, and thus y is not helpful to improve
estimation performance if used to augment the measurement
in the LMMSE framework.

Remark 6: (a) yjd is independent of yid (∀i 6= j) because

zjd is independent of zid. (b) By Theorem 1, yjd is uncorrelated

with zjd , which is standard Gaussian distributed. Thus, yjd is
uncorrelated with z as a linear function of zd. Thus, y is
uncorrelated with z and the elements of y are also uncorrelated.
That is, y is a UC of z.

3) Gaussian-Assumed UC Using Density Reciprocal: The
obtained UCs by the above methods can be further converted.
More UCs of the converted measurements can be obtained
utilizing the distribution information. The UCs of (21) and
(26) can all be written in the following form.

y = g(z) = e−q/b (27)

where b is a designed positive scalar, and q is a quadratic
function of z: q = (z − z̄)TM−1(z − z̄)/2 in (21), q = (zid)

2

in yjd of y in (26). According to the Gaussian assumption (20)
on z, such a function q is thus chi-squared distributed (with
M = Pz/2):

q ∼ X 2(κ) (28)

where κ is the degrees of freedom and p(q) =
2−k/2Γ−1(k/2)qk/2−1e−q/2. Then the probability density
function of y in (27) can be calculated as

p(y) = 2−k/2Γ−1(k/2)bk/2[− ln(y)]k/2−1yb/2−1 (29)

The derivation of (29) is direct and thus omitted.

A new UC can be generated using the reciprocal of the
density (29) as follows:

s(y) = s0(y)/p(y) (30)

Here s0(y) can be obtained easily by making y and s(y)
uncorrelated with each other:

Pys =

∫ 1

0

(y − ȳ)s(y)p(y)dy = 0 ⇒

∫ 1

0

(y − ȳ)s0(y)dy = 0

For example, if we let s0(y) = y2 + κy, κ can be obtained as
follows:

∫ 1

0

(y − ȳ)(y2 + κy)dy = 0 ⇒ κ =
4ȳ − 3

6− 4ȳ
(31)

Then
s(y) = (y2 + κy)/p(y) (32)

Note that to satisfy Pys = 0, by Definition 1, s0(y) can be in
other forms which make s(y) nonlinear in y.

Thus, s(y) is uncorrelated with y. Since y in (27) is even
in (z − z̄), s(y) is also even in (z − z̄). By Theorem 1, s(y)
is also uncorrelated with z.

If we use the UCs of (26) and (32) to augment the
measurement, then the obtained overall measurement is

za ,







z

[yjd = e−(zj

d
)2/b]nz×1

[

s(yjd) = ((yjd)
2 + κyjd)/p[y

j
d ]
]

nz×1






(33)

where zjd , p(yjd), and κ are given by (24), (29), and (31),
respectively.

Remark 7: (a) The elements z, yjd , and s(yjd) of za are
uncorrelated with each other, ∀j = 1, ..., nz. Altogether 2nz

measurements are augmented.

(b) More UCs can be generated using the above ideas.
Thus the measurements can be further augmented by using
the generated UCs. This process can also be viewed as an
expansion of the nonlinear measurement using uncorrelated
terms obtained by UCs.

C. Reference Distribution Based Uncorrelated Conversion

In the above methods, the obtained UCs are all sym-
metrically centered at the mean z̄. Thus, their properties
may be affected if z̄ is not accurate. And the information
about the distribution of the true measurement z is not fully
utilized in determining the symmetrical center. With these
considerations, we propose the following reference distribution
based uncorrelated conversion.

Definition 2: A reference distribution zr ∼ p(zr) of ran-
dom vector z is a designed symmetrical distribution which has
the same first two moments as those of z.



Based on p(zr), a new UC is

y = gE(z) = Ezr [g(z − zr)] =

∫

g(z − zr)p(zr)dzr (34)

where g(·) is an even function, and p(zr) is a reference
distribution symmetrical around z̄.

Theorem 2: y = gE(z) in (34) is symmetrical around z̄.

Proof:

gE(z̄ +∆z) =

∫

Ω

g(z̄ +∆z − zr)p(zr)dzr

=

∫

Ω

g(−z̄ −∆z + zr)p(zr)dzr

=

∫

Ω

g(z̄ −∆z − z′r)p(z
′
r)dz

′
r

= gE(z̄ −∆z) (35)

where z′r = 2z̄ − zr. Since gE(z̄ + ∆z) = gE(z̄ − ∆z), the
proof is completed.

Thus, if z is symmetrically distributed around mean z̄,
y = gE(z) is uncorrelated with z, that is, gE(z) is a UC, by
Theorems 1 and 2.

Previously, y = g(z − z̄). Now gE(z) is the expectation
of g(z − zr) under the density p(zr). If p(zr) is designed
based on the distribution of z, more information about the
true measurement can be incorporated into y = gE(z) in (34).

Moreover, gE(z) = Ezr [g(z − zr)] can be calculated by
numerical methods, e.g., the unscented transformation (UT) [9]
[10]. Thus, the specific form of p(zr) is not necessary (only
samples are needed). If UT is used, only the first two moments
z̄r and Pzr are needed. To incorporate the information about
z into zr, we can use

z̄r = z̄, Pzr = Pz (36)

Then y = gE(z) can be given as [9]

y = Ezr [g(z − zr)] =

2nz+1
∑

i=1

wig(z − sir) (37)

where wi and si (i = 1, ..., 2nz + 1) are the ith weight and

sigma point, respectively. The sigma points {si}2nz+1
i=1 are

generated by UT using z̄r and Pzr in (36). Other methods
besides UT can also be used to obtain gE(z) given the first
two moments of zr, e.g., the Gauss–Hermite quadrature (GHQ)
rule [7] and the cubature rule [2].

Remark 8: (a) The UCs proposed previously can be used
as g(·) in gE(z), since they satisfy the symmetry requirement.
In the Gaussian-assumed case, the best wi and si can be
determined as given in [10]. (b) In (37), the sigma point sir
can be viewed as a reference point or symmetry center of
g(z − sir). Eq. (37) indicates that multiple such UC functions
are utilized. This can possibly improve the reliability of the
augmenting measurement used in the LMMSE framework.
(c) The LMMSE using the measurement augmented by gE(z)
can be expected to have better performance than augmented
by g(z), since gE(z) incorporates more information about z
than g(z). (d) Samples of z and their weights are obtained
while calculating the moments of the true measurement using

some numerical methods. If p(z) is truly symmetric, we can
directly use these values to calculate gE(z) (i.e., p(zr) has
the same form as p(z)). Otherwise, to guarantee symmetry of
p(zr), we can use the first two moments of z to incorporate
its information into p(zr). Such a process can be called a
symmetrization of the measurement density.

D. Uncorrelated Conversion Based Filter

Consider a nonlinear dynamic system described by

xk = f(xk−1, wk−1) (38)

zk = h(xk, vk) (39)

where xk and zk are the state and the measurement at time k,
respectively; f(·) and h(·) are nonlinear functions; wk−1 and
vk are the process and the measurement noises, respectively.
The distributions (or the first two moments) of wk−1 and vk
are assumed known.

Within the LMMSE framework, the uncorrelated conver-
sion based filter (UCF) can be obtained directly. At time k, the
UCF outputs state estimate x̂k and its MSE matrix Pk using
x̂k−1 and Pk−1 based on the measurement zk. One cycle of
the UCF is given as follows.

(a) One step prediction. Based on (38), calculate one step
prediction x̂k|k−1 and its MSE matrix Pk|k−1 using x̂k−1 and
Pk−1. This can be done using such numerical methods as UT
[9], GHQ rules [7], or cubature rules [2].

(b) Predicted measurement. Based on (39), compute pre-
dicted measurement ẑk|k−1 and its MSE P z

k|k−1. Using the

same numerical method as in step (a), the sampling points
obtained there can be used for calculating ẑk|k−1, P z

k|k−1.

(c) Generation of UC. Generate UC yk = guck (zk) including
(21), (26), or (34) based on ẑk|k−1 and P z

k|k−1.

(d) Update. Use yk to obtain the augmented measurement
zak = [zT

k , y
T
k ]

T. Then calculate the cross-covariance P xza

k

between xk and zak , the covariance P za

k of zak , and ŷk = E(yk).
The final estimate x̂k and its MSE Pk can be calculated as

x̂k = x̂k|k−1 + P xza

k (P za

k )−1(zak − [ẑT
k|k−1, ŷ

T
k]

T) (40)

Pk = Pk|k−1 − P xza

k (P za

k )−1P xza

k (41)

Any UC can be adopted for the estimation in the above
UCF based on a moment-approximation method.

IV. SIMULATION RESULTS

Five algorithms are compared in this section:

(a) The state-of-the-art LMMSE estimator of [20];

(b) The quadrature Kalman filter (QKF) of [7] using the
GHQ rule for moment calculation;

(c) The unscented filter (UF) proposed in [9];

(d) The GLMMSE estimator proposed in [17].

(e) The proposed UCF with gE(z) in (37) using g(z−zr) =

[gj(zjd) = e−(zi
d)

2/b]n×1 with zd = [zjd ]n×1 = P
−1/2
z (z − zr)

similar to (26) and b = 50.



In the simulation, starting from x0 with covariance P0, the
target moves at a nearly constant velocity in a plane. The state
evolution equation (38) is

xk = Fk−1xk−1 + Γkwk−1, wk−1 ∼ N (0, Q) (42)

where the state xk , [xk, ẋk, yk, ẏk]
T, and

Fk−1 = diag[F, F ], Γk−1 = diag[G, G]

F ,

[

1 T
0 1

]

, G ,

[

T 2/2
T

]

with T being the sampling period.

Two scenarios (S1 and S2) differing in measurements were
simulated. In S1, the measurement zk = [rk, θk]

Tat time k
includes range and bearing:

rk =
√

x2k + y2k + vrk, vrk ∼ N (0, σ2
r )

θk = arctan(yk/xk) + vθk, vθk ∼ N (0, σ2
θ)

(43)

where σr = 100m and σθ = 0.6rad. The initial state
was generated from N (x0, P0) with x0 = [−1000m, 50m/s,
1000m, −100m/s]T and P0 =diag[106m2, 104m2/s2, 106m2,
104m2/s2]. In (42), Q = 102I2 (m/s2)2. In S1, the LMMSE
estimator of [20] approximates the moments adopted in the
LMMSE framework as accurately as possible. Some terms
in the moments are even calculated analytically. Thus, the
LMMSE estimator of [20] may be comparatively more ac-
curate than other existing estimators. As shown in [17], the
GLMMSE outperforms the LMMSE estimators. Thus, in S1
the UCF is compared with the LMMSE estimator of [20] and
the GLMMSE estimator of [17].

In S2, the measurement zk = [θ1k, θ
2
k]

T at time k includes
two bearings observed from two stations located at [x1, y1]

T

and [x2, y2]
T, respectively. Thus, the measurement equation is

θ1k = arctan[(yk − y1)/(xk − x1)] + vθ1k

θ2k = arctan[(yk − y2)/(xk − x2)] + vθ2k
(44)

where vθik ∼ N (0, σ2
θ) with σθ = 0.3rad. The initial state was

generated from N (x0, P0) with x0 = [300m, 10m/s, −100m,
40m/s]T and P0 =diag[106m2, 104m2/s2, 106m2, 104m2/s2].
Q = 102I2 (m/s2)2. The positions of the two stations are
[−1000, 0]Tm and [0, 1000]Tm, respectively. In S2, the UF,
the QKF, and the UCF can be applied directly. However, the
LMMSE [20] and the GLMMSE [17] estimators cannot be
directly applied here, because only the polar (or spherical)
measurements as in (43) are considered in these estimators.
Thus, the UCF is compared with the UF and the QKF in S2.

In GLMMSE, QKF, and UCF, the same GHQ rule with
the same number of quadrature points is used to calculate
the moments needed in the estimators. Let nq denote the
number of the quadrature points used in each dimension of
the augmented vector composed of the predicted state and the
measurement noise. nq is set as 3 or 4 in S1 and as 3 in S2.

The compared results are the root mean squared errors
(RMSEs) and the Average Euclidean errors (AEEs) [13] of
position and velocity estimation over Ns = 300 Monte Carlo
runs. AEE is better than RMSE, as analyzed convincingly in
[13]. The estimation results for S1 are shown in Figures 1–4.
The results for S2 are shown in Figures 5–8.

As shown in Figures 1–4 for S1, UCF outperforms the
LMMSE estimator in position and velocity estimation. This
makes sense, as shown in (7), where the MSE of the original
LMMSE estimator is reduced. Since the LMMSE estimator
of [20] simulated here is nearly the most accurate LMMSE
estimator, this result also demonstrates the effectiveness of
the UCF in this scenario. Compared with the GLMMSE
estimator, the UCF has more consistent performance for dif-
ferent numbers of quadrature points. The GLMMSE has better
performance than UCF in velocity estimation using AEE for
evalutation in Fig. 4 (AEE is better than RMSE [13]). The
main reason is that the specific form of the polar measurement
equation is utlized to design the GLMMSE estimator. However,
the UCF outperforms the GLMMSE estimator in position
estimation using the same quadrature points. Note that the UC
adopted in the UCF is generally obtained and thus not directly
depending on the specific forms of nonlinear measurement
equations as stated above, so this result also illustrates the
effectiveness of the UCF.

For S2, the UCF outperforms the UF and the QKF in
position and velocity estimation, as shown in Figures 5–8. The
QKF has better performance than the UF mainly because the
latter uses less sampling points than the former in obtaining
the moments. Note that the UCF and the QKF use the same
number of GHQ points for calculating the moments. Thus,
UCF outperforming the QKF with the original measurement
illustrates that the UC and the UCF are effective.

As shown in Tables I and II, the UCF needs more com-
putational resources, which stems from using the UCs for
augmentation.
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Fig. 1. RMS errors of position (m) in S1
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Fig. 2. RMS errors of velocity (m/s) in S1
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Fig. 3. Average Euclidean errors of position (m) in S1
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Fig. 4. Average Euclidean errors of velocity (m/s) in S1
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Fig. 5. RMS errors of position (m) in S2
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Fig. 6. RMS errors of velocity (m/s) in S2

0 20 40 60 80 100
0

500

1000

1500

2000

2500

3000

3500

4000

time

p
o

s
it
io

n
 A

E
E

 

 

UF

QKF (n
q
 = 3)

UCF (n
q
 = 3)

Fig. 7. Average Euclidean errors of position (m) in S2
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Fig. 8. Average Euclidean errors of velocity (m/s) in S2

Because the proposed UCs do not depend directly on the
nonlinear form of the measurement equations but only on the
moments of the measurements, and these moments can also
be easily obtained using existing approximation methods (e.g.,
UT or GHQ rule), the proposed UCs can be generally obtained
and the UCF can be easily applied.

V. CONCLUSION

For nonlinear estimation, this paper first proves that an es-
timator nonlinear in the measurements can outperform the one
that is linear in the measurements. This nonlinear estimator is
linear in the measurement augmented by its nonlinear conver-
sions. To obtain such a nonlinear conversion, the uncorrelated
conversion (UC) is proposed to obtain converted measurements
which are also uncorrelated with the original measurement
itself. The additional measurement information which can be
utilized by linear estimators is extracted effectively by UC.
For a general nonlinear system, two approaches are proposed
to generating UCs using only the first two moments of the

TABLE I. RELATIVE COMPUTATIONAL TIMES OF THE FILTERS FOR S1

LMMSE GLMMSE GLMMSE UCF UCF

(nq = 3) (nq = 4) (nq = 3) (nq = 4)

0.0124 1 5.3996 3.2228 17.6649

TABLE II. RELATIVE COMPUTATIONAL TIMES OF THE FILTERS FOR S2

UF QKF (nq = 3) UCF (nq = 3)

0.0324 1 3.4138



measurement. Based on the measurement augmented by its
UCs, a UC filter (UCF) is proposed for nonlinear filtering using
the idea of the LMMSE with measurement augmentation. The
effectiveness of UCF is demonstrated by simulation results,
compared with some popular moment-based filters.

Actually, based on the idea in the two approaches, the UC
generation process can be continued to obtain a UC expansion
of the original measurement. Thus, the performance of UCF
can be continually improved. Since the proposed UCs use only
the moments of measurement which can be easily obtained
using sampling methods, the UCF can be applied to nonlinear
estimation more generally than some other estimators using a
specific form of the nonlinear measurement function.

APPENDIX

A. Proof of MSE P a
x̂ of x̂k in Eq. (7)

P−1
za in Eq. (6) is given as

P−1
za =

[

Pz Pzy

Pyz Py

]−1

=

[

P−1
z + P−1

z PzyMPyzP
−1
z −P−1

z PzyM
−MPyzP

−1
z M

]

(45)

=

[

P−1
z 0
0 0

]

+

[

P−1
z PzyMPyzP

−1
z −P−1

z PzyM
−MPyzP

−1
z M

]

with M = (Py − PyzP
−1
z Pyz)

−1. Substitution of (45) and
Pxza = P T

zax = [ Pxz Pxy ] into Eq. (6) yields

P a
x̂ = Px − PxzP

−1
z Pzx − (PxzP

−1
z PzyMPyzP

−1
z Pzx

− PxyMPyzP
−1
z Pzx − PxzP

−1
z PzyMPyx + PxyMPyx)

= Px − PxzP
−1
z Pzx − P a

x

where P a
x is given in (8). This completes the proof.

B. Proof of Eq. (22)

The function (21) can be written as

y = g(z) = g′(z̃) = exp(−z̃TM−1z̃/2) (46)

where z̃ = z − z̄. Here g′(·) is an even function. Thus, by
Theorem 1, Pyz = 0 in Eq. (22) is proven. Under assumption
(20), the mean of y can be obtained as

ȳ , E[y] =

∫

g(z)p(z)dz

=

∫

exp(−z̃TM−1z̃/2)
1

|2πPz|1/2
exp(−z̃TP−1

z z̃/2)dz̃

=
1

|2πPz |1/2

∫

exp(−z̃T((M−1 + P−1
z )−1)−1z̃/2)dz̃

=
|(M−1 + P−1

z )−1|1/2

|Pz |1/2

∫

N (z̃; 0, (M−1 + P−1
z )−1)dz̃

= |P−1
z |1/2|(M−1 + P−1

z )−1|1/2

= |M |1/2|M + Pz |
−1/2 (47)

Then Eq. (22) is proven.
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